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TOPOLOGICAL STRUCTURES OF HYPERSPACES OF FINITE SETS IN 
NON-SEPARABLE METRIZABLE SPACES 

KATSUHISA KOSHINO 


Abstract. Let Fin(A) be the hyperspace consisting of non-empty finite subsets of a space X 
endowed with the Vietoris topology. In this paper, we characterize a metrizable space X whose 
hyperspace Fin(A) is homeomorphic to the linear subspace spanned by the canonical orthonormal 
basis of a non-separable Hilbert space. 


1. Introduction 

Throughout this paper, spaces are metrizable, maps are continuous and k is an inhnite cardinal. 
By Fin(X), we denote the hyperspace of non-empty hnite sets in a space X endowed with the 
Vietoris topology. Let be the Hilbert space of density k and be the linear subspace 

spanned by the canonical orthonormal basis of Topological structures of hyperspaces are 

classical subjects and have been studied in inhnite-dimensional topology. In 1985, D.W. Curtis 
and N.T. Nhu [1] characterized a space X whose hyperspace Fin(X) is homeomorphic to ^' 2 ( 1 ^) as 
follows: 

Theorem 1.1. A space X is non-degenerate, connected, locally path-connected, strongly countable- 
dimensional and a-compac^ if and only z/Fin(X) is homeomorphic to 

By an X-manifold, we mean a topological manifold modeled on a space X. In the general case, 
K. Mine, K. Sakai and M. Yaguchi [7j proved the following: 

Theorem 1.2. For a connected i{{K)-manifold X, the hyperspace Fin(X) is homeomorphic to 

4(k). 

In this paper, we shall try to generalize their results as follows: 

Main Theorem. A space X is connected, locally path-connected, strongly countable-dimensional, 
a-locally compact and for each point x E X, any neighborhood of x in X is of density k if and only 
if Fm{X) is homeomorphic to 


2. Preliminaries 

In this section, we will £x some notation and introduce a characterization of f' 2 (^)'i^anifolds 
used in the proof of the main theorem. Moreover, we show some lemmas concerning subdivisions 
of simplicial complexes that will be needed in the sequel. The closed unit interval [0,1] is denoted 
by I. Let X = (X, d) be a metric space. For a point x E X and subsets A,B C X, we put 
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^A space X is strongly countable-dimensional if it is written as a countable union of finite-dimensional closed 
subsets. 

^A space X is called to be (T-(locally )compact if it is a countable union of (locally )compact subsets. 
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d{x,A) = inf{(i(a;, a) \ a E A} and d{A,B) = inf {d{a,b) \ a E A,b E B}. For e > 0, we define 
Bd{x,e) = {x' E X I d{x,x') < e}, Bd{x,e) = {x' E X \ d{x,x') < e}, Nd{A,e) = {x' E X \ 
d{x', A) < e} and Nd^A, e) = {x' E X \ d{x', A) < e}. By diam^^d, we mean the diameter of A. It 
is well-known that the topology of Fin(X) coincides with the one induced by the Hausdorff metric 
du dehned as follows: 

dH{AB) = inf{r > 0 I kl C iVd(5,r),5 C Nd{A,r)}. 

For maps f : X ^ Y and g : X ^ Y, and for an open cover UofY,f is lA-close to g if for each 
point X E X, there is a member U Eli that contains the both f{x) and g{x). A closed subset A of 
a space X is called to be a (strong) Z-set in X provided that for each open cover U of X, there is a 
map / : A —)■ A such that / is W-close to the identity map on A and the (closure of )image /(A) 
misses A. These concepts play important roles in inhnite-dimensional topology. A Z-embedding 
means an embedding whose image is a Z-set. We say that a space A is strongly universal for a 
class C if the following condition holds: 

• For each space A E C, each closed subset B of A, each open cover li of A, and each map 
f : A ^ X such that the restriction /|b is a Z-embedding, there exists a Z-embedding 
g : A ^ X such that g is W-close to / and gls = fin- 

A space A has the K-discrete n-cells property, n < oj, if the following condition is satished: 

• For every open cover U of X and every map / : A^ ^ X, where each A^ = Y, there 

exists a map g : A-^ ^ X such that g is W-close to / and the family is 

discrete in A. 

The author [S] gave the following characterization to an (^)-nicinifold: 

Theorem 2.1. A connected space X is an -manifold if and only if the following conditions 
are satisfied: 

(1) X is a strongly countable-dimensional, a-locally compact ANR of density k; 

(2) A is strongly universal for the class of finite-dimensional compact metrizable spaces; 

(3) every finite-dimensional compact subset of X is a strong Z-set in A; 

(4) A has the n-discrete n-cells property for every n < u. 

In the above theorem, replacing “ANR” with “AR”, we have a characterization of the model 
space Given a simplicial complex K, we denote the polyhedrorU of K by \K\ and the n- 

skeleton of K by RA) for each n < oj. Regarding a G A as a simplicial complex consisting of its 
faces, we write as the union of Afaces of a, i < n. The next two lemmas are used in the proof 
of Theorem E of [2] . 

Lemma 2.2. Let Y = {Y, p) he a metric space, K a simplicial complex and f : \K\ Y a map. For 
each map a : R —)■ (0, cx)), there exists a subdivision K' of K such that diamp/((T) < infa-^o-«/(2:) 
for all a E K'. 

Proof. Let a : Y —)■ (0, oo) be a map. By the continuity of a, we can End 0 < 6{y) < a{y)/4: for 
each y eY such that for every y' E Bp{y, d{y)), a{y') > a{y)/2. It follows from [8l Theorem 4.7.11], 
there is a subdivision K' of K that rehnes the open cover {f~^{Bp{ii,5{y))) \y eY}. To show 
that K' is the desired subdivision, take any a E K'. Then we can choose y E Y so that f{a) C 
Rp(?/, 5(j/)), and hence diamp/(cr) < 2S{y) < a{y)/2. Observe that for each a; E a, af{x) > a{y)/2, 
which implies that diamp/(a) < info^o-a/(a;). Thus the proof is complete. □ 

^In this paper, polyhedra are not needed to be metrizable. 
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Lemma 2.3. For each map a : \K\ —)■ (0, cxd) of the polyhedron of a simplicial complex K and 
(3 > 1, there is a subdivision K' of K such that sup 3 ,g^a(a;) < a{x) for any a G K'. 

Proof. For each x G |iF|, we can choose an open neighborhood U{x) of x in \K\ so that ii y E U{x), 
then |a(x) — a{y)\ < {/3 — l)a{x)/{(3 + 1). Then U = {U{x) \ x G \K\] is an open cover of \K\. 
According to Theorem 4.7.11 of [5], there is a snbdivision K' of K that rehnes U. Take any 
simplex a E K' and any point y E a. By the compactness of a, we can hnd z E a such that 
a{z) = mi z' Oi{z') . Since K' rehnes 7/, there exists a point x G \K\ such that a C U{x). Then 
|q!(x) — a{y)\ < (/S — l)a(x)/(/9 + 1) and |q!(x) — a{z)\ < [jd — I)a{x)/{I3 + 1). Observe that 
a{y) < 2(3a{x)/{/3 + 1) < (3a{z), which implies that snp^i^^a^z') < /9inf^/go- 0 ( 2 ;'). Hence K' is 
the desired subdivision. □ 


3. Basic properties of Fin(X) 

In this section, we list some basic properties of the hyperspace Fin(X). According to Proposi¬ 
tion 5.3 of [7], we have the following: 

Proposition 3.1. A space X is strongly countable-dimensional, a-locally compact and of density 
K, if and only if so is Fin(X). 

Proposition 3.2. Let X be a space. For each point x E X, if every neighborhood of {x} in Fin(X) 
is of density k, then so is any neighborhood of x in X. 

Proof. Since Fin(X) is of density k, so is X due to Proposition 13.11 Let x G X be a point such 
that any neighborhood of {x} in Fin(X) is of density k. Assume that there is a neighborhood U of 
X whose density < k. As is easily observed, Fin(17) is a neighborhood of {x} in Fin(X). Applying 
Proposition 13.11 again, we have that the density of Fin([/) is less than k, which is a contradiction. 
Consequently, every neighborhood of x is of density k. □ 

Combining Lemmas 2.3 and 3.6 with the proof of Theorem 2.4 in [1] (cf. [9[ Proposition 3.1]), 
we can establish the following: 

Proposition 3.3. A space X is locally path-connected (connected and locally path-connected) if 
and only if Fm{X) is an ANR (AR). 

4. The strong universality of Fin(X) 

This section is devoted to verifying the strong universality of Fin(X) for the class of hnite- 
dimensional compact metrizable spaces. The following lemma follows from Lemma 2.2 of 

Lemma 4.1. Let X be a space. If A d Fin(X) is locally connected and compact, then so is the 
union [jAdX. 

Using Curtis and Nhu’s result [1], we shall show the strong universality of a non-separable 
hyperspace Fin(X). 

Proposition 4.2. Let X be a non-degenerate, connected, locally path-connected space. Then 
Fin(X) is strongly universal for the class of finite-dimensional compact metrizable spaces. 

Proof. Let A be a hnite-dimensional compact metrizable space, B a closed set in A, / : A —)• Fin(X) 
a map such that /|b is an Z-embedding. We show that for any open cover U of Fin(X), there 
is a Z-embedding g : A ^ Fin(X) such that g is 7/-close to / and g\B = /Is- Since A is hnite- 
dimensional and compact, we can regard it as a closed subset of I"" for some n < u. The space X is 
connected and locally path-connected, and hence Fin(X) is an AR by Proposition 13.31 Therefore 
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the map / can be extended to a map / : P —)■ Fin(X). Note that A = /(I"") is connected, locally 
connected and compact. According to Lemma [4.11 the union IJ^ C X is also locally connected 
and compact, and hence it is locally path-connected and has hnitely many components. Note that 
each component of IJ ^ is open and closed. We may assume that at least one component of IJ ^ 
is non-degenerate because X has no isolated points and is locally path-connected. Let 

A = Ire Fin(lJ^) I F contains some element of ^ i. 


As is easily observed, the space A is separable and for each F G Fin(lJ^), F E A if F contains 
some element of A. 

We show that any F E A meets each component of IJ^. It is sufficient to prove that every 
F E A intersects each component of IJ*^- Suppose the contrary, so there are F E A and a 
component C of IJ^ such that F nC = 0. Then C and IJ^ \ C are open and F C IJ^ \ C. 
Observe that {F' G ^ | F' O O 7 ^ 0} and {F' G ^ | F' C \ ^} non-empty disjoint open 
sets in A. Moreover, 


A = If' E A 


F'nF^0} u 


F' E A 


F'cU^\C^}- 


This contradicts to the connectedness of A. Hence any F E A meets all components of IJM. 
Applying Lemma 4.6 of we have that A is strongly universal for the class of hnite-dimensional 
compact metrizable spaces. Therefore there exists an embedding g ■. A ^ A El Fin(X) such that g 
is W-close to / and g\B = /|s. By Lemma 3.8 of [1], the compact image g{A) is a Z-set in Fin(X). 
The proof is completed. □ 


5. The strong Z-set property of compact sets in Fin(X) 

In this section, we will discuss the strong Z-set property of compact subsets of Fin(X). 

Lemma 5.1. If a metric space X = (X, d) is non-degenerate and connected, then for each x E X 
and 0 < e < diamrfX/2, there exists a point y E X such that d{x,y) = e. 

Proof. Suppose the contrary. Then X can be separated by disjoint non-empty open subsets Bd^x, e) 
and X \ Bd{x, e), which contradicts to the connectedness of X. The proof is complete. □ 

Let Comp(X) be the hyperspace of non-empty compact sets in a space X with the Vietoris 
topology. Note that Fin(X) C Comp(X). The analogues of the following two lemmas for Comp(X) 
are used in the proof of Theorem E of [2] . 

Lemma 5.2. Let X = (X, d) be a metric space. Suppose that {An}n<uj is a sequence in Fin(X) = 
(Fin(X), converging to A E Fin(X). Then for each Bn C An, {Bn}n<u) has a subsequence 
converging to some B <Z A. 

Proof. According to Lemma 1.11.2. (3)@of [ 6 ], A = A„ is compact. Hence the hyperspace 

Comp(A) = (Comp(A), {d\^^^)H) is compact, see [SI Theorem 5.12.5. (3)], which implies that 
{Bn}n<i.o has a subsequence converging to some B E Comp(A). By Lemma 1.11.2. (2)^ 

of [6], we have 

F = {a: G X I for each i < oj, there is G such that lim = x} 

^ * i^OO ^ 

C {x G X I for each i < u, there is a„. G such that lim a„. = x} = A. 

i—>-oo 

Thus the proof is complete. □ 

“^This holds without the assumption that X is separable. 
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Lemma 5.3. Let X = (X, d) be a metric space and a : Fin(X) —)■ (0, cxd) be a map. If X is locally 
path-connected, then there exists a map (3 : Fin(X) —)■ (0, oo) such that for any A G Fin(X), each 
point X G Nd{A, (3{A)) has an arc 7 ; I —?• X from some point of A to x of dia.m.d'jil) < a{A). 

Proof. For each A G Fin(X), let 

there exists 0 < e < a (A) such that for any a G A and x G Bd{a, rj), 
there is an arc from a to x of diameter < e 

and = supS( 74 ). Note that 7 ^ 0 for all A G Fin(X). Indeed, let 0 < e < a{A). Since 
X is locally path-connected, and hence locally arcwise-connected [H Corollary 5.14.7], for each 
a G A, there exists 7 (a) > 0 such that for any x G Bd{a, 7 (a)), a and x are connected by an arc of 
diameter < e. Then rj = minaeAVio-) £ S(^)- By the dehnition, < a{A). 

We shall show that ^ is lower semi-continuous. Take any t G (0, cxo) and any A G ^~^{(t, 00 )). 
Then we can choose t < p < so that there is 0 < e < a{A) such that for any a G A and any 
X G Bd{a, p), a and x are connected by an arc of diameter < e. Since X is locally arcwise-connected, 
there exists > 0 such that any a E A and any x G Bd{a, (5i) are connected by an arc of diameter 

< {a{A) — e)/2. By the continuity of a, we can hnd (52 > 0 such that for each B G Bdjj{A, 52 ), 
\c({A) — a{B)\ < {a{A) — e)/2. Let 6 = min{ 5 i,( 52 , {p — t)/2} and B G Bdjf{A,S). Observe that 
{a{A) + e)/2 < a{B). Fix any b E B and any x E Bd{b, {p -|- t)/2). Since dniA^B) < 6 , we can 
take a E A such that d{a,b) < 6 < 61 , and hence there exists an arc 71 from 6 to a of diameter 

< {a{A) — e)/2. On the other hand, 

d{a, x) < d{a, b) -f- d{b, x) < 5 {p 1 )/2 < {p - t)/2 {p1)/2 = p, 

which implies that there is an arc 72 from a to x of diameter < e. Joining these arcs 71 and 72 , 
we can obtain an arc from 6 to x of diameter < {a{A) — e)/2 e, that is less than a{B). Hence 
t < {p +1)/2 < f{B), which means that ^ is lower semi-continuous. 

According to Theorem 2.7.6 of [ 8 j, we can hnd a map /3 : Fin(X) —>■ (0, 00 ) such that 0 < (3{A) < 
.^(A) for all A G Fin(X), that is the desired map. □ 

The next lemma is useful to detect a strong Z-set in an ANR. 

Lemma 5.4 (Lemma 7.2 of [3]). Let A be a topologically complete, closed subset of an ANR Y. 
If A is a countable union of strong Z-sets in Y, then it is a strong Z-set. 

We denote the cardinality of a set A by card A. For each k < u, let Fin^(X) = {A G Fin(X) | 
card A < k}. As is easily observed, Fin^(X) is closed in Fin(X). 

Proposition 5.5. Suppose that X is non-degenerate, connected and locally path-connected. Then 
for each k < u, Fin^(X) is a strong Z-set in Fin(X). 

Proof. Let IL be an open cover of Fin(X) and k < u. We shall construct a map (p : Fin(X) 
Fin(X) so that cp is 7/-close to the identity map on Fin(X) and cl (?5(Fin(X)) fl Fin^(X) = 0, 
where for a subset A C Fin(X), cl A means the closure of A in Fin(X). Take an open cover V 
of Fin(X) that is a star-rehnement of U. Since Fin(X) is an AR by Proposition 13.31 there are a 
simplicial complex K and maps / : Fin(X) —)■ \K\, g : \K\ —)■ Fin(X) such that gf is V-close to 
the identity map on Fin(X), refer to [H Theorem 6.6.2]. It remains to show that there exists a 
map h : \K\ —)■ Fin(X) V-close to g such that clh(|X|) fl Fin^(X) = 0 because (p = hf will be the 
desired map. 

Fix any admissible metric d on X. Then we can take a map a : Fin(X) —)■ (0, min{l, diam^X}) 
so that the collection (A, 2q;(A)) | A G Fin(X)} rehnes V. Since X is locally path-connected, 
due to Lemma 15731 there is a map /3 : Fin(X) —>■ (0, 00 ) such that for any A G Fin(X), each point 
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X G Nd{A, (3{A)) has an arc 7 : I —?• X from some point of A to a: of diamrf 7 (I) < a{A)/2. We 
may assnme that /3{A) < a{A)/2 for every A G Fin(X). Combining Lemmas 12.21 with 12.31 we can 
replace K with a snbdivision so that for each a E K, 

( 1 ) diama^ g{a) < ^g{y)/2, 

(2) snpy^^(3g{y) < 2miy^^ f3g{y), 

(3) supy^^ag{y) < Amiy(.^ag{y)/3. 

For every v G £x a point x{v) G g{v). According to Lemma l5.ll we can hnd a point 

z{v,j) G X with d{x{v), z{v, j)) = j(3g{v)/{4:{k + 1)) for each j = 0, ■■■, k. Let h{v) = g{v) U 
{z{v,j) I j = 0, • • • , k}. Clearly, cardh(n) > k + 1 and dnigiv), h{v)) < (5g{v) < ag{v)/ 2 . Observe 
that for any 0 < i < j < fc, 

d{z{vA),z{v,j)) > \d{x{v),z{vA))-d{x{v),z{v,j))\ = {j - i)l3g{v)/{A{k + 1)) 

> P9{v)/{d{k + l)). 

Next, we will extend h over |Xd)|. Let a G cr(o) = {^ 1 ,^ 2 } and d be the barycenter 

of a. Dne to conditions (1) and (2), we have for any m = 1, 2 and j = 0, • • • , fc, 

d{z{vm,j),g{d)) < d{z{vm,j),g{v„,)) + fi'(d)) < I3g{v„,)/d + diam.d^g{a) 

< sup/3^(?/)/4+ inf/3^(?/)/2 < md Pg{y) < ^g{d). 

j/Gcr yStr y&a 

Hence there is an arc 7 (m,j) ; I —)■ X from some point of g{d) to z{vm,j) of diamd 7 (m, j)(I) < 
ag{d)/2 by Lemma [5.31 Define 

h{d) = g{d) d\{z{vmd) I m = 1,2 and j = 0 , • • • ,k}. 

Note that cardh(d) > fc + 1. Moreover, dnigid), h{d)) < (dg{d) < ag{d)/2. Let 0 : I —?■ Fin(X) 
be a map dehned by 


= 9{d) U I m = 1,2 and j = 0, • • • ,/c}, 

which is a path from g{d) to h{d). For each m = 1,2, dehne a map h : {vm,d) —?■ Fin(X) of the 
segment between Vm and d in cr as follows: 

5(((1 - 2t)v,n + 2td) U {z{vm,j) \ j = 0, - ■ ■ ,k} if 0 < t < 1/2, 

(j){2t - 1) U {z{v„^J) I j = 0, • • • , A;} if 1/2 < t < 1. 

Then for every y E a, when y = {1 — t)vm + td, 0 < f < 1/2, 

dH{9{d),h{y)) < max{d^^(5((d),5(((l - 2t)nm + 2fd)),max{d(2:(nm, j),5((d)) | j = 0, • • • , A:}} 

< max{diamd^ 5 ((cr),/l 5 ((d)} < max{inf (dgiy')/2,13g{d)} < l3g{d) < ag{d)/2, 

y So- 


d((l - t)vm + td) = 


and when y = {1 — t)vm + Ad, 1/2 < A < 1, 

dH{9{d),h{y)) < max{dH(5'(<^),0(2A - l)),max{d(z(nm, j), 5 ((d)) | j = 0, • • • , A:}} 

< max{diamd '-y{n, j)(l), /3g{d) \ n = 1, 2 and j = 0, • • • ,k} 

< max{ag{d)/2,l3g{d)} = ag{d)/2. 


Hence, dne to condition (3), we have 

dH{9{y), Hv)) < dHi 9 {y), 9 {d)) + dniyid), h{y)) < diam^^ g{a) + ag{d )/2 

< inf fd 9 {y')/‘^ + ag{d )/2 < l3g{d)/2 + ag{d )/2 < 3ag{d)/d 

y'ea 

< 3snpag{y’)/A < inf ag{y’) < ag{y). 
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Note that for each y E a, h{y) contains {z{vi,j) | j = 0, • • • , fc} or {z{v 2 ,j) | j = 0, • • • , k}, so 
card h{y) > k + 1. 

By induction, we shall construct a map h : \K\ ^ Fin(X) such that for each y E a E K \ 
h{y) = V}a&A{y) some A{y) E Fin(|(j^^^|). Assume that h extends over \KA) \ for some n < u 

such that for every y E a E h{y) = UaeA(y) some A{y) E Fin(|(j^^^|). Take any 

a E kA+^'> \ _ By Lemma 3.3 of |1], there exists a map r : a ^ Fin(9cr) such that r{y) = {y} 

for all y E da, where da is the boundary of a. The map h\da induces h : Fin(c}(T) —)• Fin(X) 

defined by h{A) = lJaeA^(®)- Then we can obtain the composition h„ = hr : a ^ Fin(X). It 

follows from the definition that ha-\da = h\Q„. Observe that for each y E a, 

K{y) = hr{y) = IJ h{y') = IJ IJ Ka) = (J h{a), 

y'&r{y) y'er{y) aeA{y') °‘£[Jyier(y) 

where h{y') = UaeTfe') some A{y') E Fin(|cr^^^|) by the inductive assumption. Thus we 

can extend h over py fo^- aP (j ^ xA+d y K^), 

After completing this induction, we can obtain a map h : \K\ -A- Fin(X). For each a E K\KA\ 
each y E a and each a E |ctT)|^ we get 

dnigiy), h{a)) < dnigiy), gia)) + dnigia), h{a)) < diam^^ g{a) + ag{a) 

< inf Pg{y')/‘^ + supag{y') < inf ag{y')/A + A inf ag{y')/3 

y'Ga y'&a y'£a 

= 19 inf ag{y')/12 < 2ag{y). 

y'ea 

Therefore we have 


dH{,g{,y),h{y)) 


dnigiy), IJ h{a) 


aeU 


y'er(y) 


My') 


- , dH{g{y),h{a)) <2ag{y), 

<ie\Jy'er(y) My') 


which implies that h is V-close to g. Remark that {z{v,j) \ j = 0, ■ ■ ■ , k} G h{y) for some v E a^A^ 
and hence cardh(|/) > k + 1. It follows that h(|iF|) O Fin^(X) = 0. Then we may replace h{y) 
with g{y) U h{y) for every y E \K\, so we have g{y) C h{y). The rest of this proof is to show that 
clh(|A:|) nFin^(X) = 0. 

Suppose that there exists a sequence {yn}n<u] of \K\ such that {h{yn)}n<Lo converges to some 
A E Fin^(X). Take the carrier an E K of yn and choose Vn E an^ so that {z(vn,j) | j = 0, • • • , k} C 
h(yn). Since g{yn) C hijjn), replacing {g{yn)}n<u} with a subsequence, we can obtain R C A to 
which {g{yn)}n<u} converges by Lemma [521 Then {(dg{yn)}n<u converges to (d{B) > 0. On the 
other hand, for every e > 0, there exists hq < oj such that if n > uo, then dH{h{yn),A) < e. Then 
we can choose 0 < i{n) < jin) < k for each n > no so that z{vn,i{n)), z{vn, j{n)) E Bd{a,e) for 
some a E A because 


Note that 


card A < k < k + 1 = caxd{z{vn, j) | j = 0, • • • , k}. 


Pg{yn)/{S{k + 1)) < sup (3g{y)/{9,{k + 1)) < inf (3g{y)l{A{k + 1)) < (3g{vn)l{d{k + 1)) 

< d{z{vn,i{n)),z{vn,j{n))) < 2e, 

which means that {ldg{iin)}n<uj converges to 0. This is a contradiction. Consequently, c\h{\K\) O 
Fin^(X) = 0. □ 


Combining Lemma 15.4! with Proposition 15.51 we can obtain the following: 
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Proposition 5.6. Let X be a non-degenerate, connected and locally path-connected space. Then 
every compact subset of Fm{X) is a strong Z-set. 

6. The k-discrete n-CELLS property of Fin(X) 

This section is devoted to detecing the K-discrete n-cells property in Fin(X). First, we show the 
following lemma: 

Lemma 6.1. Let X be a locally path-connected space. Suppose that any neighborhood of each 
point in X contains a discrete subset of cardinality > k. Then the hyperspace Fin(X) satisfies the 
following: 

• Let be a simplicial complex, 7 < k. For each open cover V o/Fin(X), and each map 
g : \K.y\ —>■ Fin(X), there exists a map h : \K.y\ —)■ Fin(X) such that h is 

V-close to g and the family {h(|iF^|)}^<K is locally finite in Fin(X). 

Proof. Fix any admissible metric d on X. Let a,f3 : Fin(X) —)■ (0,1) be the same maps and 
replace each 7 < k, with the same subdivision as in Proposition 15.51 For each n < u, 
we can hnd a locally hnite open cover Vn of X of mesh < 1/n. By the assumption, for every 
n < uj, each non-empty P G Vn contains a discrete subset Z(V) = {zy}-f<K of cardinality k. Let 
= {zy I 0 7 ^ V G Vn}, 7 < R. Here we may assume that Z'^(n) fl Z'^(n) = 0 if 7 7 ^ r. 
Indeed, we shall show it by transhnite induction. Suppose that for some 7 < R, Z'^(n) (n) = 0 

if r < r' < 7 . By the local hniteness of Vn, for every Zy G Z'^{n), {V' G Vn | G V'} is 
hnite. Since X has no isolated points and each Z{y) is discrete, we can hnd a point Xy E V 
sufficiently close to Zy such that Xy ^ \J^^^Z'^{n) and even if Zy is substituted by Xy, Z{y) 
is still discrete. Due to this substitution, we have that Z'^{n) fl Z'^{n) = 0 for all r < 7 . Put 
Z{n) = lj 07 yevn that is locally hnite in X. 

To begin with, we shall construct the restriction h|^(o), 7 < r. For every v G there is 

Uy >2 such that l/n^ < /dg{v)/4: < l/{ny — 1). Then we can hnd a point z'^{v) G Z'^ijiy) C Z{ny), 
7 < R, so that d{z'^{v), g{v)) < l/uy. Remark that for any u G and u' G X® with = Uy', 
z'^{u) 7 ^ z'^'{u') if r < r' < R. Let h{v) = g{v) U {z'^{v)} G Fin(X). Note that 

dnigiv), h{v)) <l/ny < /3g{v)/A < ag{v)/2. 

After the same construction of map as in Proposition [53], we can obtain a map h : 0^<^ \K-y\ —)■ 
Fin(X) so that h is V-close to g and for any 7 < r and any y G |X.^|, h{y) contains a point 
z'^{v) G Z{ny) for some v G where a G is the carrier of y. Here we may replace hiy) 
with the union g{y) U h{y) for every y G |X.^|, so we have g{y) C h{y). It remains to show that 
{h(|X.^|)}.^<K is locally hnite in Fin(X). 

Suppose the contrary, so we can hnd a sequence { 7 i}i<tj of r such that 7 , 7 ^ 7 ^- if i 7 ^ j, and 
Uii ^ converges to some A G Fin(X). For the sake of convenience, replace each 

7 j with i. Let Uj G Xj be the carrier of yi and choose a vertex Uj G so that z'^{vi) G h{yi). 
Since g{yi) C h(j/j), replacing {g{yi)}i<:uj with a subsequence, we can obtain a subset B G A to 
which {g{yi)}icu} converges by Lemma 331 Then {(dg{yi)}i<ui is converging to (d{B) > 0. On the 
other hand, any subsequence of {z^{vi)}i<iy has an accumulation point in A because 
converges to A. Observe that {ny^}i^iy diverges to 00 . Indeed, supposing the converse, we can hnd 
no < oj and replace {ny^\i^^y with a subsequence so that ny^ = no for all i < uj. By the choice of 
V(ui), is pairwise distinct and contained in the locally hnite subset Z{no), which is a 

contradiction. Hence {(ig{vi)}i^^ converges to 0 since I3g{yi)/A < t/{ny^ — 1). Moreover, it follows 
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from condition (2) of Proposition 15.51 that for every i < u, 

/3giyi) < snp (3g{y) < 2 inf (3g{y) < 2(3g{vi). 

y£ai y^'^i 

Therefore {(3g{yi)}i^i_j converges to 0, which is a contradiction. Thus we conclude that the family 
{h{\K^\)}^^i^ is locally hnite in Fin(X). □ 

It is said that a space X has the countable locally finite approximation property provided that 
for every open cover U of X, there exists a sequence {/„ : X —)■ X}n<^ of maps such that each /„ 
is W-close to the identity map on X and the family {fn{2(i)}n<ui is locally hnite in X. 

Proposition 6.2. Let X be a locally path-connected and nowhere locally compact space. Then 
Fin(X) has the countable locally finite approximation property. 

Proof. By the same argument as Proposition 15.51 we need only to show that for any simplicial 
complex K, any map g : \K\ Fin(X) and any open cover V of Fin(X), there exists a map 
gi : \K\ —)■ Fin(X) for each i < u such that each gi is V-close to g and {gi{\K\)}i<^i^ is locally 
hnite in Fin(X). Since X is nowhere locally compact, it satishes the assumption as in Lemma [6T] 
with respect to k = u. Hence this lemma guarantees the countable locally hnite approximation 
property of Fin(X). □ 

The next two lemmas are useful for recognizing the K-discrete n-cells property in a space. 

Lemma 6.3 (Lemma 3.1 of [1]). Let n < u. A space X has the K-discrete n-cells property if and 
only if the following condition holds: 

• For each open cover Li of X, and each map f : where each = P, there 

is a map g : —)■ X such that g is U-close to f and the family is locally 

finite in X. 

Lemma 6.4 (Lemma 3.2 of pQ). Let n < uj. A space X with the countable locally finite approxima¬ 
tion property has the K-discrete n-cells property if and only if X has the X-discrete n-cells property 
for any X < k of uncountable cofinality. 

A subset A of a metric space X = (X, d) is called 5-discrete, 5 > 0, provided that for any distinct 
points a, a' G A, d{a, a') > 6. The following lemma follows from the proof of lU Lemma 6.2]: 

Lemma 6.5. Let X be a space and k be of uncountable cofinality. For each subset A G X of 
density > k, it contains a discrete subset of cardinality > k. 

Proof. Let A C X be of density > k. For each n < u, take any maximal 2“”-discrete subset 
D{n) C A. If some D{n) is of cardinality > k, then the proof is hnished. Conversely, suppose 
that every D{n) is of cardinality < k. Then dense in A due to the maximality of 

D{n). On the other hand, since k is of uncountable cohnality, the cardinality of the countable 
union than k, which contradicts to that A is of density > k. Thus we conclude 

that A contains a discrete subset of cardinality > k. □ 

Now, we will prove the following: 

Proposition 6.6. Let X be a locally path-connected and nowhere locally compact space. If any 
neighborhood of each point in X is of density > k, then the hyperspace Fin(X) has the K-discrete 
n-cells property for every n < u. 
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Proof. The hyperspace Fin(X) has the countable locally hnite approximation property by Propo¬ 
sition 16.21 Hence we may assume that k is of uncountable cohnality due to Lemma 16.41 Let n < u 
and take any open cover V of Fin(X). By virtue of Lemma 1^^ it suffices to prove that for any map 
9 ■■ ©,<. —)■ Fin(X), where each = P, there exists a V-close map h : t Fin(X) 

to g such that is locally hnite in Fin(X). It follows from Lemma f6.51 that any neigh¬ 

borhood of each point in X contains a discrete subset of cardinality > k. Using Lemma 16.11 we 
can obtain the desired map h. Thus the proof is completed. □ 

7. Proof of the main theorem 

In this hnal section, applying the characterization 2.1, we prove the main theorem. 

Proof of the main theorem. The separable case follows from Theorem 11.11 so we only consider k 
be uncountable. 

(The “only if” part) According to Propositions 13. II and 13.31 the hyperspace Fin(X) is a strongly 
countable-dimensional and cx-locally compact AR of density k. It follows from Proposition 14.21 
that X is strongly universal for the class of hnite-dimensional compact metrizable spaces. Due to 
Proposition 15.61 every hnite-dimensional compact subset of Fin(X) is a strong Z-set in Fin(X). 
Moreover, the R-discrete n-cells property of Fin(X) for every n < u follows from Proposition 16.61 
Using Theorem 12.11 we conclude that Fin(X) is homeomorphic to 

(The “if” part) Since Fin(X) is homeomorphic to ^ strongly countable-dimensional 

and (T-locally compact AR, and hence the space X is connected, locally path-connected, strongly 
countable-dimensional and a-locally compact by Propositions 13.11 and 13.31 Remark that for each 
A G Fin(X), all neighborhoods of A are of density k. It follows from Proposition 13.21 that any 
neighborhood of each point in X is also of density k. The proof is complete. □ 
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